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a . Abstract 



The conforinal geometry of spacelike surfaces in 4- dimensional Lorentzian 
space forms has been studied by the authors in a previous paper, where 
the so-called polar transform was introduced. Here it is shown that this 
transform preserves spacelike conformal isothermic surfaces. We relate 
this new transform with the known transforms (Darboux transform and 
spectral transform) of isothermic surfaces by establishing the permutabil- 
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1 Introduction 

Isothermic surfaces are classical objects in differential geometry. The 
most beautiful results about them are those transforms producing new 
isothermic surfaces, such as the dual isothermic surface (also named 
the Christoffel transform), the spectral transform (also known as the 
T-transform, the Bianchi transform or the Calapso transform), and the 
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Darboux transform. In particular, people established the permutabil- 
ity theorems relating them (see [9] for an overview). These facts indi- 
cate that there is a structure of integrable system underlying the theory 
about isothermic surfaces, which was revealed only in the past 20 years 

For Lorentzian space forms there is also a parallel theory of conformal 
geometry [T] . Thus it is natural to study isothermic surfaces in this con- 
text [TJ [8] . Zuo et al |T2] generalized the Darboux transform of isothermic 
surfaces to the pseudo-Riemannian space forms using the methods de- 
veloped by Burstall in [3] and Bruck et al in [2|. Their methods mainly 
concerned the integrable system aspect of the theory. 

In [TT] we studied spacelike surfaces in Qf, the conformal compactifi- 
cation of the 4-dimensional Lorentzian space forms Rf, Sf and Hf. The 
key observation is that in this codim-2 case, the normal plane at any 
point is Lorentzian. The two null lines [L], [R] in this plane define two 
conformal maps into Qf, called the left and the right polar surface, re- 
spectively. Conversely, Y is also the right polar surface of [L], and the left 
polar surface of [R] (when [L] and [R] are immersions). Applying these 
transforms successively, we obtain a sequence of conformal immersions. 
We proved in [11] that these transforms preserve the Willmore property. 




The first main result in this paper is that the isothermic property is 
also invariant under the polar transform (Theorem 15. 3p . A new isother- 
mic surface produced in this way is neither the spectral transform nor 
the Darboux transform of [Y]. Hence it turns out to be a new transform 
for isothermic surfaces. (The authors note that similar results hold for 
timelike Willmore surfaces and for timelike isothermic surfaces in Q2, 
which might be treated in another paper.) 

It is natural to wonder about the relationship between this new trans- 
form and the old ones. In particular, does the polar transform commute 
with the spectral transform or the Darboux transform? The answer is 
affirmative. Two of such permutability theorems are established at here. 
See Theorem 16.11 and Theorem 17. 1[ 



This paper is organized as follows. In Section 2 and Section 3 we 
review the main theory about the Lorentzian conformal space Qf and 
spacelike surfaces in it. The definition and examples of isothermic sur- 
faces are discussed in Section 4. Then we introduce the polar transform 
of spacelike isothermic surfaces in Section 5. Finally, after describing the 
spectral transform and Darboux transform of an isothermic surface, we 
establish the commutability between them and the polar transform in 
Section 6 and Section 7 separately. 

2 The Lorentzian conformal space Qf 

Let M" denote the space M" equipped with the quadratic form 
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In this paper we will mainly work with M.^, whose light cone is denoted 
as C^. The quadric 

Ql = {[x]eRP^ \xeC^\ {0}} 

is exactly the projective light cone with the projection map n : C^\{0} -^ 
Qf. It is easy to see that Qf is equipped with a Lorentzian metric h 
induced from projection S^ x S^ ^ Qf. Here 
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^^'x 5i = {a;GM^ I J2^^i=4 + 4 = 1} C C^ \ {0} (1) 

is endowed with the Lorentzian metric g{S^) © {—g{S^)), where g{S^) 
and g{S^) are standard metrics on S^ and S^. The conformal group of 
{Qf, [h]) is exactly the orthogonal group 0(4, 2)/{±l}, which keeps the 
inner product of M2 invariant and acts on Qf by 

T{[x]) = [xT], Tg 0(4,2). (2) 

As in Moebius geometry, Qf serves as the common conformal compact- 
ification of the three 4-dimensional Lorentzian space forms given below. 



each with constant sectional curvature c = 0, +1, —1: 

R{, c = 0; 

3^:= {xe^W {x,x) = l},c= 1; 
H^ := {xEM.I\ {x, x) = -1}, c = -1. 

The conformal embedding into Qf for each of them is 

<p+:Sf^Qf, Mx) = [{x,l)]; (3) 

if.-.Hf^Qi, ^4x) = [{l,x)]. 

Thus Qf is the proper space to study the conformal geometry of these 
Lorentzian space forms. 

We also have round spheres as the most important conformally in- 
variant objects in Qf. Here we only discuss round 2-spheres (they were 
named conformal 2-spheres in [1]). Each of them could be viewed as 
a geodesic 2-sphere in a 3-dim Lorentzian space form. Alternatively, 
a round 2-sphere is identified with a 4-dim Lorentzian subspace in M2- 
Given such a 4-space V, the round 2-sphere is given by 

S\V):={[v]EQt\veV}. 

3 Spacelike surfaces in Qf 

For a surface y : M ^ Qf and any open subset U C M, a local lift of y 
is just a map Y : U —>■ C^ \ {0} such that tt oY = y. Two different local 
lifts differ by a scaling, so the metric induced from them are conformal 
to each other. 

Let M be a Riemann surface. An immersion y : M ^ Qf is called a 
conformal spacelike surface if {Yz,Yz) = and {Yz,Yz) > for any local 
lift Y and any complex coordinate z on M. For such a surface there is a 
decomposition M x M.2 = V (B V-^, where 

V = Span{r, Re{Yz), Im(r,), F,,} (4) 

is a Lorentzian rank-4 subbundle independent to the choice of Y and z. 
V~^ is also a Lorentzian subbundle, which might be identified with the 



normal bundle of y in Q\. Their complexifications are denoted separately 
as Vc and V^. 

Fix a local coordinate z. There is a local lift Y satisfying |dyp = 
|dzp, called the canonical lift (with respect to z). Choose a frame 
{y, Yz, Yz, N} of Vc, where A^ G T{V) is uniquely determined by 

{N, Yz) = {N, Y,) = {N, N) = 0, {N, Y) = -1. (5) 

For V-^ which is a Lorentzian plane at every point of M, a natural frame 
is {L, R} such that 

{L,L) = {R,R)=0,{L,R) = ~1. (6) 

Given frames as above, we note that Yzz is orthogonal to Y, Yz and Y^. 
So there must be a complex function s and a section n G r(V^) such 
that 

Yzz = -^Y + K. (7) 

This defines two basic invariants k, and s dependent on z. Similar to 
the case in Mobius geometry, k, and s are called the conformal Hopf 
differential and the Schwarzian derivative oiy, respectively (see j5] . [TUj ) . 
Decompose k as 

K = XiL + X2R. (8) 

Let D denote the normal connection, i.e. the induced connection on the 
bundle V^. We have 

DzL = aL, DzR = -aR 

for the connection 1-form adz. Denote 

(k, R) = -p, DzK = 7iL + 72i?, (9) 

where 

f /5 = A1A2 + A2A1, 

(10) 





f /5 = A1A2 + A2A1, 


^ 7i = Ai5 + Aia, 


[ 72 = A25 - A2a. 


The structure equations are given as follows: 




' Yzz = -^Y + AiL + X2R, 




Yz-z =I3Y + \N, 


< 


Nz = 2(3Yz - sY-z + 271L + 272i?, 




Lz = aL- 272^ + 2X2Y-Z, 




Rz = -aR - 271F + 2XiYz, 



:ii) 



The conforinal Gauss, Codazzi and Ricci equations as integrable condi- 
tions are: 

' % = -2/3, -4Ai_72-4A27i, 
Im(7i2 + 7ia + |Ai) = 0, ,^^. 

Im(72,- - 72a +iA2) = 0, ^ ' 

as-a^ = 2(AiA2 - A2A1). 

4 Spacelike isothermic surfaces 

Definition 4.1. Lety : M ^ Qf be a conformal spacelike surface without 
umbilic points. It is called isothermic if around each point of M there 
exists a complex coordinate z and canonical lift Y such that the Hopf 
differential n is real-valued. Such a coordinate z is called an adapted 
coordinate. 



Since k is real-valued, from the conformal Ricci equations in ( 1121) 
we see that its normal bundle is flat. This is an important property of 
isothermic surfaces, which guarantees that all shape operators commute 
and the curvature lines could still be defined. Indeed we can equivalently 
define y to be isothermic if it has flat normal bundle and if it has con- 
formal curvature line parameters. Put differently, the two fundamental 
forms of an isothermic surface are of the form 

/ = e^'^idu'^ + dv^), II = {hidu^ + h2dv'^)e^ + {hdu^ + hdv'^)ei (13) 

with respect to some parallel normal frame {63, 64}. Then {u^v) are cur- 
vature line parameters and z = u + iv is an adapted complex coordinate. 
Our definition generalizes the notion of isothermic surfaces in 3-dim 
space forms and includes them as special cases. In the following we 
provide more examples of isothermic surfaces in Q\. 

Example 4.2. Rotational surfaces in M? are isothermic as well known. 

To generalize this construction, consider a spacelike curve 7(m) = (0, f{u),g{u), h{u)) 

M. ^ Mf such that f{u) ^ 0, f'{u) 7^ 0, g'{u) 7^ h'{u). A rotational surface 

X : M X [0, 27i] -^ Rf generated by 7 is just 

x{u,v) = if{u) cosv, f{u)smv, g{u),h{u)]. 

It is easy to verify that (IT5]) is satisfied when u is reparameterized suit- 
ably. 

6 



Example 4.3. In [TT] we constructed a class of homogenous spacelike 
tori as below, which are both Willmore and isothermic. Set ip = iplt, 6) = 
e/Vf^ - 1. Then Yt{e, (j)) : R x R ^ M.^ is given by 

Yt{6, (j)) = ( cos{til)) cos 0, cos(t?/') sin 0, sin(t?/^) cos 0, sin(t^) sin 0, cos ^Z', sin il) 



Note that the period condition is satisfied if t is a rational number; hence 
after projection tt we obtain an immersed torus. For the details see |llj . 

5 Polar transform of isothermic surfaces 

For a conformal spacelike surface y : M ^ Qf with canonical lift Y : 
M — i> Mg with respect to complex coordinate z = u + iv, its normal plane 
at any point is spanned by two lightlike vectors L, R, determined up to a 
real factor around each point. Suppose that R^ is endowed with a fixed 
orientation and that 

{r,r„,i;,iv,i?,L} 

form a positively oriented frame. {R, L} might also be viewed as a frame 
of the normal plane compatible with the orientation of M and that of 
the ambient space. Since {L,R) = —1 has been fixed in ([6]), either one 
of the null lines [L] {[R]) is well-defined. 

Definition 5.1. The two maps [L], [R] : M^ —^ Qf are named the left 
and the right polar surface of y = [Y] , respectively. 

Alternatively sometimes we call [L], [R\ the (left and right) polar 
transforms of \Y]. An interesting fact showed in |llj is that they again 
produce conformal mappings; Moreover we have a duality in this con- 
struction: 

Proposition 5.2 ([llj). The polar surfaces [L], [R\ : M^ -^ Q\ are both 
conformal maps. [L] {[R\) is degenerate if, and only if, A2 = (Ai = Oj; 
it is a spacelike immersion otherwise. The original surface \Y] is the left 
polar surface of [R\ {the right polar surface of [L\) when [R\ {[L]) is not 
degenerate. 



In [TT] we have shown that the polar transforms of a spacelike Will- 
more surface are again Willmore. Here we want to show that a similar 
result holds true for isothermic surfaces. 



Theorem 5.3. Let y : M ^ Q\ he a spacelike isothermic surface. Then 
its left and right polar surfaces [L], [i?] : M ^ Q\ are also spacelike 
isothermic surfaces when they are not degenerate. In particular they 
share the same adapted coordinate z. 

Proof. Let Y : M ^>- M.2he the canonical hft and k be the real-valued 
conformal Hopf differential for an adapted isothermic coordinate z. We 
show the conclusion for [L] . For [R\ the proof is similar. 

Assume that the left polar surface [L\ is an immersion, i.e. A2 7^ 0. 
Choosing L such that k = AiL + A2-R with A2 = \, by flTTj) we have 

L^ = aL + aY + ¥-,. (14) 

Thus L is the canonical life of [L] : M ^>- Q\ as desired. To determine 
the normal bundle of [L], we differentiate once more and invoke flTTl) . 
obtaining 



Lzz = (as + Ai)L + - 



J- T^ „ -r ^ . „_-r^ „l iOt „/_ 9 S' 



R + 2aYz + 2aYz + 2\a\^L + 2{a2 + a' - -)Y . 

^ (15) 

We point out that each of a^, Ai and a^ — a^ — | is real valued (or by 
the Codazzi and Ricci equations (IT2l) ). Now we can verify directly that 
Y and 

Y = N + 2aY, + 2aY, + 2\a\^Y - 2(a^ - a^ - -)L (16) 

are two lightlike vectors in the orthogonal complement of SpanjL, Lu,Ly, Lzz} 
with {Y,Y) = —1. Differentiate ( IT^ at both sides. After simplification 

we get 

Lzz = {2az - ^)L + \y + {az + Ai)K (17) 

By definition, the conformal Hopf differential of L is given by kl = 
— \Y — {az + Ai)y, which is obviously real-valued. This shows that [L] 
is isothermic with the same adapted coordinate. D 

Note that {L, L„, L„, L^j, Y, F} is again a positively oriented frame. 
So [Y] and [Y] is the right and the left polar surface of [L], respectively. 
This proves the conclusion of Proposition 15.21 in this special case. On the 
other hand, [Y] is the left polar surface of [L], hence the 2-step left polar 
transform of [Y] . 

8 



6 Permutability with spectral transform 

Let y : M ^ Qfhe an immersed spacelike isothermic surface with canon- 
ical lift Y : M ^ M.2 with respect to an adapted coordinate z. The 
conformal Gauss, Codazzi, and Ricci equations are still satisfied under 
the deformation 

s'^ = s + c, XI = Ai, A2 = A2, a'^ = a, 

where c G M is a real parameter. By the integrable conditions, there 
are an associated family of non-congruent isothermic surfaces [V^] with 
corresponding invariants. Similar to the case of Mobius geometry, they 
are called the spectral transforms of the original surface (see [5]). Observe 
that they are conformal and share the same adapted coordinate z. 

Now we have two transforms, the polar transform and the spectral 
transform, associated with an isothermic surface. The permutability be- 
tween them is established as below. 

Theorem 6.1. Let y'^ be a spectral transform (with parameter c) of 
y : M ^ Qf, both being spacelike isothermic surfaces. Denote their 
canonical lift as [Y], [y^] for the same adapted coordinate z. If the left 
polar surface [L] and [L'^] corresponding to them are non- degenerate, then 
[L^] is also a spectral transform (with parameter c) of [L], i.e., we have 
the commuting diagram: 

[Y] . [Y^] 



[L] . [L^] 

A similar result holds between the right polar transform and the spectral 
transform. 

Proof. Set Yzz = ~f ^ + AiL + A2-R, and D^L = aL. Choose L such that 

A2 = |. By assumption, for [Y'^] the corresponding frame [Y'^, Y^, Y^, N'^, L'^, R^} 

has the same inner product matrix and satisfies 

Y,% = -'-^Y'^ + X^L^ + ^R^, DlL^ = aL'^. 



Recall that we have computed out (IT7I) (ITB1) : 

L,, = -(^ - 2a,)L + ^Y + {a, + \^)Y, 
Y = N + 2aY2 + 2aY, + 2\a\^Y - 2{a, - a^ _ '1)l, 

where {F, F } form a basis of the normal plane of L at any point. The 
same result applys to Y'^ and U'^ hence 

K. = -(^ - 2a.)L^ + Iy^ + (a. + \i)Y^, 

where Y'^,Y'^ span the normal bundle of [L'^]- Comparison shows that 
the Schwarzian derivative of [L] is s — 4a^, while that of [L'^] differs from 
it by c as we expected. Their conformal Hopf differential has the same 
components | and a^; + Ai. Finally, the normal connection of [L] is given 
by {Yz,Y) = a, exactly the same as [Y]. So [L'^] also share the same 
normal connection as [Y'^], which is again a. We conclude that [L'^] is 
exactly a spectral transform of [L] with parameter c. D 

Remark 6.2. For a spacelike Willmore surface there is also an associated 
family of Willmore surfaces, called the Willmore spectral transform. One 
could show that this transform commutes with the left/right polar trans- 
form. We did not notice this result in pJJ , yet the proof is similar and 
easy. 



7 Permutability with Darboux transform 

The most important transform of isothermic surfaces in M" is the Dar- 
boux transform. It is a second isothermic surface obtained from the origi- 
nal one by integration, depending on the choice of initial values and a real 
parameter. (So there are many of them.) For such a pair of isothermic 
surfaces forming Darboux transform to each other, a geometric charac- 
terization is that they envelop one and the same 2-sphere congruence at 
corresponding points, and that their conformal curvature lines are pre- 
served by this correspondence (see [3], [9], [ID]). This description is easy 
to adapted to our case: 
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Definition and Proposition Let y : M ^ Qf denote a spacelike 
isothermic surface with canonical lift [Y] with respect to the adapted co- 
ordinate z. A spacelike immersion y* : M —>■ Qf is called a Darboux 
transform of y if its local lift Y* satisfies 

y;GSpanc{y*,F,n}. (18) 

Note that this is well-defined, where Y* is not necessarily the canonical 
lift. We have the following conclusions: 

1) y, y* are conformal; they envelop one and the same round 2-sphere 
congruence given by Spa.n{Y,Y*,dY)} = Span{Y,Y*,dY*}. 

2) Set {Y,Y*) = -1. Then Y* = !IY* + e{Y, + ^Y), where 6 is a non- 
zero real constant. This Darboux transform is specified as D^-transform. 

3) Y* is an isothermic surface sharing the same adapted coordinate 
z. Hence the curvature lines of y,y do correspond. 

Proof. The conclusion 1) is obvious under the assumption ( ITSl) . (Recall 
that a round 2-sphere in M.f is identified to a 4-dimensional Lorentzian 
subspace in Mg- See Section 2.) 

The normalization {Y,Y*) = -1 ensures {Y„Y*) = -{Y;,Y) = ///2. 
Then Y* G Span^{Y* ,Y,Yz} is exphcitly expressed by 

(19) 







' 2 


+ o(y. 


-I-)- 






Differentiate ([T9l). 


We obtain 










Yz-z-- 


- (-O) Yz 
\2 J 


.(f....) 


Yz + Ok 


-(f- 


4 / 


Y 



+ {...)Y 

Since k is real and non-zero by assumption, comparison shows that 6 is 
real- valued with 6z = 0- Hence 6 must be a real constant. It is non-zero 
since [Y*] is an immersion. This verifies 2). Note that /zj is real by the 
same argument. 

Now |y* is the canonical lift of [Y*]. To show conclusion 3) we need 
only to show that Y*^ is real modulo the components of Y*, Y* , Y^, Y*^. 
Differentiate fll9j) . The result is 

Y:. = e{Y,, + ^Y, + ^Y) + i...)Y* + i...)Y: 

= eYz, + (/| - ^) F (mod Y\ f;, y;), 
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which is real as desired. Finally, for z = u + iv with u, v real, the w-curves 
and f -curves are exactly the curvature lines on both of y and y*. This 
completes the proof. D 



Write out Y* explicitly: 



1, 



Y* = N + fiY, + fiY, + (-|/i|2 - 4/i/2)F + 2/iL + 2/2/?. 



Set 



P 



Y, + ^Y, i = L-2hY, r] = R-2f,Y 



(20) 



Note that both of ^,1] are lightlike and {C,,i]) = —1. The orthogonal 
complement of Span{,^, r]} gives the Ribaucour 2-sphere congruence en- 
veloped by [Y] , [Y*] . The structure equations ( ITTI) of Y can be rewritten 
with respect to the frame [Y, Y*, P, P, ^, 77} as below. 



-1Y + P, 



(21) 



( Y 

z 

P,= ^P+lr + Ai^ + Asr], 

e. = -2/2P + 2A2P, 

i^ r/, = -2/iP + 2AiP. 
Now let us find out the left polar transform of Y*. From (l2T]) . we have 



Y* 



^Y* + ^Y-: + eP, = 2/1/2F* 



where 



N* = Y 



P 



29^ 9 ^ 9 ' 



-N\ 



AXlXr 



Y* 



Set L* = ^- ^Y*, R* = r]- ^Y*. Plus the orientation restriction, it 
is easy to see that [L*], [R*] are just the left and right polar transform of 
Y*. Suppose that [L], [L*] are both non-degenerate. Computation shows 



T* — T 

^2 



2\ 



2z 



12X2 



A, 



(L-r). 



(22) 
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Note that by Theorem 15.31 and (ITT1) , [L] has the same adapted coordinate 

1 

z with canonical hft ttt-L. Next, ———L* is a hft of [L*] such that 
2A2 2/2 

This proves that [L*] is just a Darboux transform of [L] with the same 
parameter 9. So we have estahshed 

Theorem 7.1. Let y : M -^ Q\ he a spacelike isothermic surface and 
[y*] be a D^ -transform of y. If both of their left polar surfaces [L] and 
[L*] are not degenerate, [L*] is also a D^ -transform of L, i.e., we have 
the commuting diagram: 



n^i -D— transform n^* 

\Y\ > \Y* 



left polar 



left polar \^'^) 



r^i _D— transform r r *i 

[L] > [L*] 

A similar result holds between the right polar transform and the D^ 
transform. 
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